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Abstract
Self-similarity and long-range correlations are the remarkable features of the Earths surface topography.
Here we develop an approach based on percolation theory to study the geometrical features of Earth. Our
analysis is based on high-resolution, 1 arc min, ETOPO1 global relief records.We find some evidence for
abrupt transitions that occurred during the evolution of the Earths relief network, indicative of a conti-
nental/cluster aggregation. We apply finite-size-scaling analysis based on a coarse-graining procedure to
show that the observed transition is most likely discontinuous. Furthermore, we study the percolation on
two-dimensional fractional Brownian motion surfaces with Hurst exponent H as a model of long-range
correlated topography, which suggests that the long-range correlations may play a key role in the observed
discontinuity on Earth. Our framework presented here provides a theoretical model to better understand the
geometrical phase transition on Earth, and it also identifies the critical nodes that will be more exposed to
global climate change in the Earths relief network.
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I. INTRODUCTION
The topography or bathymetry of Earth shows complex multifractal structures and scaling prop-
erties [1–4], which can be considered as a consequence of plate tectonic processes. Despite most
of the major surface topographic features of Earth can be explained by the plate tectonic theory [5],
little is known about how to identify and detect critical geographical positions and geology regions
on the Earth’s surface. The surface topography of Earth plays a remarkable role in the dynamical
evolution of oceans, especially with reference to the global climate changes and sea level rising.
Network science has demonstrated its potential as a useful tool in the study of real world sys-
tems ranging from physics and biology to the social systems [6–10]. It has also been successfully
applied in climate sciences to construct “climate networks”, in which the geographical locations are
regarded as nodes, the similarity between the records of different nodes represents the links [11–
17]. Climate networks were used to forecast climate extreme events, such as El Nin˜o and heavy
rainfall [18–21]. Detecting and identifying vital and critical nodes in networks plays a significant
role in unveiling fundamental organization principles of complex systems [22–25].
Percolation theory is an effective tool for understanding the resilience of connected clusters
to node breakdowns through topological and structural properties [26–29]. The essence of the
analysis is the identification of a system’s different clusters and the connectivity between them.
It has been applied to many natural and human-made systems [20, 30–34]. Here, we combine
network and percolation theory to identify and detect critical nodes in Earth’s relief network, we
find abrupt percolation transitions occurred during the evolution of the network. We then discuss
the nature of geometric phase transitions by using the finite size scaling theory. Furthermore, we
detect the critical nodes in Earth’s relief network.
II. DATA AND METHODS
A. Data
In this study, we use the topographic data of ETOPO1 Global Relief Model. It is used to cal-
culate the Volumes of the World’s Oceans and to derive a Hypsographic Curve of Earth’s Surface,
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built from global and regional data sets [35]. The resolution is 1 arc-minute, i.e., N = 10800 ×
21600 grid points. The present mean sea level (zero height) is assumed as a vertical datum of the
height relief h(φi, θi), where φi, θi are the corresponding latitude and longitude of grid point i. The
data can be downloaded from https://www.ngdc.noaa.gov/mgg/global/global.html.
B. Methods
In percolation on a lattice system, each lattice site (or bond) is occupied with probability p.
A set of occupied sites in which every site is connected to its nearest neighbors forms a distinct
cluster. We first rank all the grid points in the ETOPO1 Global Relief Model according to their
height h(φi, θi), from the largest to the smallest value. A number is then assigned to each site
according to the position of its height in the rank. The percolation model is defined as follows:
starting from an unoccupied lattice, the sites are occupied one by one according to their ranking,
i.e., we first choose the site with the highest height, then the second and so on. At each step, the
fraction of occupied sites p increases by the inverse of the total number of sites N in the Earth’s
relief landscape. By this procedure, a configuration of occupied sites is continuously obtained at
every p. Our method here is different from the one presented in Ref. [31] in which the control
parameter is the height level with a rather less resolution. The advantage of our approach here is
that it enables us to exactly identify the critical nodes on the Earth’s topography.
We then identify the clusters based on classical graph theory: a cluster is a subset of network
nodes such that there exists at least one path from each node in the subset to another [7, 9]. To
detect the clusters in evolving lattice system, one can use either the Hoshen–Kopelman algorithm
[36] or the efficient Newman–Ziff algorithm [37]. We apply periodic boundary conditions along
the zonal direction, and free boundary conditions along the meridional direction. Each node has
indeed four nearest neighbors. We denote Gm as a series of sub-networks. The order parameter of
percolation in the network/lattice systems is defined as the relative size of the largest cluster [7].
Due to the Earth’s spherical shape, the largest cluster in the spatial relief network is defined as [38],
s =
max
[ ∑
i∈G1
cos(φi), · · · ,
∑
i∈Gm
cos(φi), · · · ,
]
N∑
i=1
cos(φi)
. (1)
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The system on a regular lattice is considered as percolating if there is a path from one side of
the lattice to the opposite side, passing only through the occupied links/nodes. When such a path
exists, the component or cluster of sites that spans the network from side to side is called the
spanning cluster [7]. However, in many systems such as on networks, no notion of “side” exists.
For example in our case here for Earth, in zonal direction one cannot define the sides, however,
when one looks at the behavior of the largest component containing O(N) nodes/links, there will
be a divergent correlation length and mean-island size at the largest gap in the order parameter
[31].
III. RESULTS
A. Earth’s topography
1. Landmass percolation clusters
The topography of Earth is complex and its morphology is a result of diverse processes such
as tectonic activity and erosion. Similar to our prior work [31], we study the Earth’s topography
by means of the percolation theory. Our evolving spatial relief network starts globally with N
isolate nodes, the nodes are occupied one by one according to their height h [see more details in
Section Methods]. We then analyze the dynamical evolution of the largest cluster s as a function
of the fraction of occupied nodes p. As shown in Fig. 1(a), we find that Earth’s relief network
undergoes several abrupt and statistically significant phase transitions, i.e., exhibiting a significant
discontinuity in the order parameter s. The size of the i-th gap gi at each fraction p is defined as
follows:
gi(p) ≡ s(p)− s(p− 1/N). (2)
Therefore, g1 indicates the largest gap, g2 the second largest gap, and so forth. The larger the gap
gi, the larger the two clusters before merger. Therefore, the largest gap g1 in the order parameter
is a natural candidate for a possible percolation transition and formation of a giant component of
O(N) nodes [38].
Fig. 1(b) shows the network landmass clusters structure in the Earth’s surface map at the per-
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Figure 1. (a) The largest landmass cluster relative size s versus the fraction total landmass, p, for real (square
green) and shuffled (circle red) Earth’s relief records. g1–g5 indicate the largest five gaps, defined in Eq. 2.
(b) Snapshots of the landmass clusters of the Earth’s surface topography network just before the percolation
threshold (the largest jump at p ≈ 0.321). Different colors represent different clusters; the grid resolution
is 1 arc-minute; the star indicates the critical node. Only the clusters with relative size larger than 0.01 are
shown.
5
colation threshold (just before the largest gap that is indicated by the blue arrow with g1). We
find that the network, just before this jump, is characterized by four major communities —only
clusters with size larger than 0.01 are shown— the largest one is the Afro-Eurasia continental
landmass (indicated by red color); the second largest cluster is the Americas (indicated by yellow
color); the third one is located in the Antarctica and the fourth is the Oceania. A critical node
(64.458333 ◦N, 171.141667 ◦W ) connects the largest and second largest cluster at the percolation
threshold pc ≈ 0.321, with altitude level h = −43 m, under the current sea level [see Fig. S1].
2. Oceanic percolation clusters
The same analysis can be applied to characterize the oceanic clusters, i.e., the nodes are added
one by one according to their hight level in increasing order. As shown in Fig. 2(a), it also gives
rise to a discontinuous jump in the oceanic order parameter at the percolation threshold pc ≈ 0.379,
with altitude level, h = −3621 m. This is very close to the result, h = −3640 m, reported in Ref.
[31]. The network oceanic clusters, just before the jump are shown in Fig. 2(b). We find that the
critical node, (59.908333 ◦S, 161.308333 ◦E), connects the Atlantic+Indian Ocean Plate (colored
in red) to the Pacific Plate (colored in yellow). It is worth noting that the role of the largest cluster
on the landmass structure is different from that on the oceanic one, e.g., the percolation threshold
as well as the corresponding critical nodes are different. These differences unveil the complex and
different structure of the Earth’s topography (continents) and bathymetry (oceans). This dichotomy
is manifest in the well-known bimodal distribution of the Earth’s topography [39].
3. Order of the percolation transition
In order to demonstrate that the observation of the jumps in the order parameter are not acci-
dental, we analyze randomized topography obtained from the shuffling of the original data. This
procedure removes the long-range correlations in the height profile while keeps the height distribu-
tion intact. We have considered 100 such randomizations and determined the averaged giant cluster
s, as shown in Fig. 1(a). We also checked that the behavior for the shuffled data is independent
of the realizations and the same result obtains for a single realization as well (see Fig. S2 [40]).
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Figure 2. Similar to Fig. 1 but for the oceanic clusters. (a) The largest oceanic cluster relative size s versus
p. (b) Snapshots of the oceanic clusters structure of the Earth’s relief network just before the percolation
threshold (the largest jump at p ≈ 0.379). The star indicates the critical node.
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Figure 3. Finite size effects of the percolation in Earth’s relief network. (a) Log-log plot of the largest
gap g1 versus the network system size L for original real data (square red) and shuffled data (circle blue).
(b) Log-log plot of the largest landmass cluster relative size sc at the percolation threshold, versus L for
real data (square red) and shuffled data (circle blue). For the real data, the slope seems to approach zero,
suggesting a discontinuous phase transition; for the shuffled data, the slope approaches -0.10, which suggests
a continuous phase transition with a known critical exponent β/ν = 5/48 and d − df = 5/48. The dashed
lines are the best fit-lines with R-Square > 0.98. The shaded regions correspond to error bars, which are
calculated by the standard deviation.
As expected, the shuffled samples all correspond to the classical uncorrelated site percolation class
[37] with a continuous phase transition at p ∼ 0.59.
It has been pointed out that a random network or lattice system always undergoes a continuous
percolation phase transition and shows standard scaling features during a random process [41].
The question whether percolation transitions could be discontinuous has attracted much attention
recently in the context of interdependent networks [42–44] and the so-called explosive percolation
models [45–48]. Interestingly, the dynamic evolution on our Earth’s relief network indicates the
possibility of discontinuous phase transition, as shown in Fig 1(a). To further test the order of the
percolation phase transition, we study the finite size effects of our network by altering the resolu-
tion of nodes. We then calculate g1(L), the largest gap in s as a function of network system size L
and see how it behaves when extrapolated to the infinite system size. L is defined as the number of
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nodes in zonal direction. If g1(L) approaches zero as L → ∞, the corresponding giant cluster is
assumed to undergo a continuous percolation; otherwise, the corresponding percolation is assumed
to be discontinuous [49]. The results are shown in Fig. 3(a). It suggests a discontinuous perco-
lation since g1(L) tends to be a non-zero constant. For comparison, we also show the continuous
results for shuffled data, with a known critical exponents β/ν = 5/48 ≈ 0.104 [29]. Where β is
the critical exponent of the order parameter s ∼ |p − pc|
β, and ν describes the divergence of the
correlation length ξ ∼ |p − pc|
−ν . In addition, we examine the scaling relation with size for the
order parameter at the percolation threshold (just before the largest jump g1), sc ∼ L
df−d, for both
real and shuffled data (see Fig. 3(b)). We find that df − d = 0, an indicative of discontinuous per-
colation for our real network; however, for the shuffled case from simulations, df − d ≈ −0.104,
which agrees well with the known exponent value for standard percolation in two dimensions, i.e.,
df = 91/48 [27, 29]. The dashed lines shown in Fig. 3 are the best fit-lines for the data with
R-Square > 0.98.
Fig. S3 presents the order parameter, s, as a function of occupied probability p with different
system size L. We find that there are no significant finite-size effects for our system since the
four curves with L = 21600, 10800, 5400 and 2700 are nearly overlapping. The network landmass
clusters structure at the 5 percolation thresholds (corresponding to the largest 5 jumps) with L =
2700 is shown in Fig. S4. We find that they have the similar manners compared to the cases
with L = 21600 [Fig. 1(b)], which indicates the self-similar fractal patterns of Earth’s surface
topography [1, 50].
B. Origin of the discontinuity
To better understand the Earth’s topography and the origin of the discontinuity, we study the
percolation on 2d fractional Brownian motion (fBm) surfaces with Hurst exponent H [51, 52].
The parameter H is usually between 0 and 1, where 0 is very noisy, and 1 is smoother. The
Earth’s rough surfaces can be modeled by fractional Brownian motion [53], and the estimation
over the continental topography is H = 0.66 [2]. We present the percolation analysis results on
fBm surfaces withH = 0.66 in Fig. 4, and the corresponding 2d fBm surface is shown in Fig. S5.
Similar to the real network, we find that s also exhibits abrupt transitions around p whose positions
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are sample dependent. To further test the order of the percolation phase transitions on fBm surfaces,
we then use the finite size scaling theory. The largest gap g1(H,L) (average) as a function of
system size L are shown in Fig. 5(a). We find that percolation on fBm surfaces with H = 0.66 is
discontinuous, since g1(H,L) tends to be a non-zero constant for the very large extrapolated system
size. We also find that the location of the threshold is size-independent—Fig. 5(b). This indicates
that the percolation method can be used as an efficient tool to study the Earth’s topography. It has
recently been shown that the percolation with Hurst exponentsH ∈ [−1, 0] is continuous [55, 56];
and our results suggest that the percolation on fBm with Hurst exponents H > 0 is discontinuous.
Figs. S6–S8 show our three specific examples of fBm surfaces and their corresponding percolation
process withH = 0.1, 0.5 and 0.9, respectively. The origin of the discontinuity might be explained
by the plate tectonic theory (or the long-range correlated behavior of the Earth’s topography).
C. Critical Nodes in Earth’s relief network
clusters experience some abrupt jumps which can be indicative of a percolation transition that
happens at some critical and vital nodes which are responsible for the connectedness of two major
parts. In this study, for simplicity and without loss of generalization, we chose the largest five gaps
during the evolution of our spatial network [see Fig. 1(a)] to identify the critical nodes. These
“critical nodes” are crucial for future global climate regime changes [57]. In the previous chapters,
we have detected one critical node corresponding to the largest gap [see Fig. 1 (b) and Fig. 2
(b)]. In the following, we perform the same analysis for the other four smaller jumps, g2, g3,
g4 and g5 [as shown in Fig 1(a)]. The corresponding network landmass clusters structure are
presented in Fig. 6. The critical nodes are: (30.541667 ◦N, 32.125 ◦E) with altitude level h = 12
m; (60.575 ◦S, 39.258333 ◦W ) with altitude level h = −3325 m; (8.541667 ◦S, 129.208333 ◦E)
with altitude level h = −1292 m and (32.425 ◦S, 1.641667 ◦W ) with altitude level h = −4116 m,
respectively.
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Figure 4. The largest landmass cluster relative size s versus the fraction number of nodes/sites, p, for real,
shuffled and 2d fractional Brownian motion (fBm) surfaces with different Hurst exponents. The two dashed
lines indicate the sea level (h=0 m) and the well known site percolation threshold pc = 0.5927, respectively.
IV. SUMMARY
The Earth’s topography has been considered as some kinds of correlated fields as described
by Isichenko in [26]. However, one should notice that there exists a number of differences that
makes the Earth’s topography different with characteristic properties. For example, unlike an fBm
surface, Earth has a bimodal distribution of heights with different Hurst exponents giving rise to
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Figure 5. The percolation on 2d fractional Brownian motion surfaces. (a) The average of the largest jump
g1(H,L) as a function of system size L; (b) the corresponding percolation threshold pc(H,L) as a function
of L. The dashed line in (b) stands for the percolation threshold pc = 0.321 for real data. Here,H = 0.66 is
the Hurst exponent governing the correlations over the continental topography, following [2]. The shaded
regions correspond to error bars, estimated by the standard deviation.
distinct scaling properties over oceans, continents, and continental margins [2]. In the present
study, we have appliedH = 0.66 known for the continental topography. Moreover, our numerical
results for the site percolation of an fBm landscape highly agree with the results reported in [51],
i.e., the percolation threshold pc does not change with the system size (see Fig. 5(b) and Table I in
[51]). The results shown in Fig. 5(a) suggest that the percolation on fBm surfaces is discontinuous.
In summary, we have developed a framework to study the geometrical topography of Earth. Us-
ing percolation analysis, we have studied the dynamical evolution of the giant landmass (oceanic)
cluster, s, and found that the Earth’s relief network exhibits abrupt transitions. We have used the
discontinuous jumps of s to detect the percolation threshold and identify the critical nodes over
the globe. In addition, our finite-size analysis suggests that the observed jumps in the order pa-
rameter are most likely reminiscence of a discontinuous phase transition. To better understand
the Earth’s topography, we have analyzed the percolation properties on profiles generated by fBm
surfaces. We have found that the presence of the long-range correlations among the height profile
plays a key role in the characteristic statistical behavior of the Earth’s topography. The study of the
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Figure 6. Snapshots of the landmass clusters structure of the Earth relief network just before the percolation
threshold at (a) the second largest jump with p ≈ 0.285; (b) the third largest jump with p ≈ 0.578; (c) the
fourth largest jump with p ≈ 0.450; (d) the fifth largest jump with p ≈ 0.712. The red color represents the
largest landmass cluster, the stars indicate the critical nodes.
Earth’s network system may enrich our understanding of the statistical topography of Earth and
can potentially be used as a template to study other complex systems.
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